Some years ago we displayed a set of classical solutions for the classical YangMills field theory having the property to satisfy a dispersion relation typical of a massive theory. But such solutions seemed to be exact only in the Landau gauge making all the argument an asymptotic one for the most general case of a generic gauge. These solutions can be used to describe the vacuum of the quantum Yang-Mills theory and so, to prove that they are always exact can grant a general framework to build a quantum field theory. Here we show that these solutions are always exact changing just the normalization factor. The components of the field become separated on a generic gauge being all equal just in the Landau gauge.
Having a set of exact solutions to a classical field theory can be a sound starting point to build the corresponding quantum theory. This happens as the classical solutions can represent the behavior of the vacuum as expectation value when quantum corrections are neglected. This is what happens in the Higgs mechanism but it is a general approach in the way to guess the right quantum theory.
Some years ago [1] we proposed an approach to solve the Yang-Mills theory in the low-energy limit starting from a set of classical solution initially proposed by Smilga [2] . Smilga solutions are rather peculiar as they correspond to the homogeneous case (no dependence on space variables) and are equal for all the components of the Yang-Mills field. They appear suitable for a gradient expansion of the classical field equations, what we did in [1] . In this latter paper we put forward a theorem that mapped scalar field solutions to Yang-Mills solutions. This theorem was criticized by Terence Tao as not true and, after we fixed it in [3] , it seemed that this mapping could be considered to hold only in an asymptotic sense when the coupling is taken to run to infinity, with the notable exception of the Landau gauge where it is exact. This result was harmless for the conclusions in the original paper [1] but we were left with the idea that the mapping could be exact instead, as the modifications introduced by the gauge fixing term do not appear to modify the equations of motion too much.
In this letter we show that things stay in this way obtaining the exact solutions in the most general case of any gauge. Anyhow, there is a substantial difference from a trivial expectation that keeps the argument by Terry Tao sound. The condition of all equal components does not apply in the most general case but can be easily recovered in the limit of the coupling running to infinity as proved in [3] .
Below, we will follow a step by step derivation making of this letter the proper companion to our preceding works and completing the argument on the behavior of the Yang-Mills theory and the scalar field theory in the lowenergy limit. This represents a generalization of the solutions proposed by Smilga in [2] .
To start, let us write down the equations of motion for the Yang-Mills field
that specialize to SU(2) for the sake of simplicity, with f abc = ε abc the LeviCivita symbol, as
We use the following formula to simplify
This will yield
But it is A 
Let us now put
The set collapses on the equations
but this is possible only for α = 1. This shows how the choice of the Landau gauge simplifies computations. But we can also take A 
We have shown that in this case the solutions change from exact to asymptotic for g → ∞ [3] . We would like to follow a different approach and get the exact solution. So, given the ansatz
with the dispersion relation p 2 = µ 2 g to hold and µ an integration constant with the dimension of an energy, we get the following set of algebraic equations
that is easily solved. This shows that the idea of an asymptotic mapping in [3] was correct as the contributions that select the different components goes like O(1/g 2 ) and so negligible in the limit g → ∞. But here we proved that such a mapping is indeed exact provided the proper solution for the given gauge is used. For α = 1 (Landau gauge) one has the expected result [3]
A different gauge removes the degeneracy of the components. This argument can be extended to any gauge group without difficulty other than a complication into algebraic computations. The relevance of these solutions relies on the particle-like dispersion relation that satisfy. This appears proper to a massive field even if we started from a massless theory. This is peculiar to a nonlinear field theory as we already proved for the scalar field [4, 5] . This means that, at a pure classical level, a massless φ 4 theory can share identical solutions with the classical Yang-Mills field theory and these have a massive dispersion relation. In general we could write for this case
with f k a function originating from the gauge choice, the replacement λ → Ng 2 for a generic SU(N) theory and φ = µ(2/λ)
In this way, these solution can be used to describe the vacuum state of the quantum field theory. Such a theory would develop a mass gap due to the dispersion relation [1, 6, 5] . In such a case one observes the breaking of conformal symmetry being the vacuum expectation value not trivial.
In conclusion, we have derived a set of exact classical solutions of the Yang-Mills theory. These solutions show the property to satisfy a mass-like dispersion realtion even if we started with a massless theory. They can be used to describe the vacuum of the corresponding quantum field theory that, in this way, will acquire a mass gap.
